Abstract. We count the numbers of independent dominating sets of rooted labeled trees, ordinary labeled trees, and recursive trees, respectively.
Introduction

A set S of vertices of a graph G is independent if no two vertices of S are adjacent by an edge in G. A set S of vertices of a graph G is dominating if every vertex of G not in S is adjacent to a vertex in S.
An independent dominating set of a graph G is a set of vertices of G that is both independent and dominating in G. A set S of vertices of a graph G is an independent dominating set if and only if it is a maximal independent set of G [1] . Notice that a set S of vertices of a graph G is a maximal independent set in G if and only if the induced subgraph by S in the complement G of G is a clique in G. Therefore, the study of maximal independent (and so independent dominating) sets is closely related to that of cliques. For definitions and notation not given here, see [2] and [3] .
In 1965, J. W. Moon and L. Moser [6] found the largest number of independent dominating sets in a graph on n vertices, and determined the extremal graphs. In 1986, H. S. Wilf [8] determined the largest number of independent dominating sets of vertices that any tree of n vertices can have and derived a linear time algorithm for the computation of the number of independent dominating sets of any given tree. It is natural to raise following question: What is the average number of independent dominating sets in trees with n vertices? Our object is to determine the numbers y n of independent dominating sets of rooted labeled, ordinary labeled, recursive trees with n vertices, respectively. Therefore, dividing y n by the number of corresponding trees with n vertices, we can find the average number of independent dominating sets in trees with n vertices mentioned above.
Preliminaries
Let T be a rooted tree with root r and let S be a maximal independent set of T . Then S either does or does not contain the root r. We shall say that S is a type A maximal independent set or a type B maximal independent set according as S does or does not contain the root r. We shall say that a set S of vertices of a rooted tree T with root r is a type
and S is a maximal independent set of the subgraph T − r. Here, N [r] denotes the set of all neighbors of r together with r. Notice that this type C maximal independent set S is independent but not maximal independent in T . If we remove the root r of a rooted tree T , along with the edges incident with r, we obtain a (possibly empty) collection of disjoint rooted trees (or branches) whose roots were originally joined to r. Lemma 1. Let T be a rooted tree with root r and let T have branches
(1) If S i is either a type B or a type C maximal independent set in 
is an independent set of T containing the root r of T . To show that it is a maximal independent set of T , we let b be a vertex in T but not in
If S i is a type B maximal independent set in B i , then S i ∪ {b} is not independent in B i since S i is a maximal independent set in B i . Thus
(2) It is obvious that k i=1 S i is an independent set of T that does not contain the root r of T . To show that it is a maximal independent set of T , we let b be a vertex in T but not in k i=1 S i . Then b must be either r or a vertex in some branch B i but not in S i . Let S j be a type A maximal independent set in branch B j whose root is r j for some j. Notice that S j contains r j .
If b = r, then b is adjacent to r j and thus
and that it is independent in T − r. To show that it is a maximal independent set of T − r, we let b be a vertex in T − r but not in
Lemma 2. Let T be a rooted tree with root r and let T have branches N (r i ) , then it is easy to verify that B i must have height of at least two and that S i is a type C maximal independent set in B i .
that S is a maximal independent set of T and let
(2) Recall that a set of vertices of T is a maximal independent set in T if and only if it is an independent dominating set in T . Since S does not contain r, some of S i 's should contain the roots of the branches to dominate r. If S i contains r i , then it is easy to verify that S i is a type A maximal independent set in B i . If S i does not contain r i , then it is easy to verify that S i is a type B maximal independent set in B i .
(3) Since S does not contains r, r 1 , · · · , r k , each B i must have height of at least one and each S i must be a type B maximal independent set in B i .
We need the following for computation in next sections.
n! denote an exponential generating function and let S be a finite set. Given functions f, g : N → N, where N denotes the set of nonnegative integers, define new functions h 1 , h 2 , h 3 , and h 4 as follows:
Rooted labeled trees
Let y n denote the number of maximal independent (or independent dominating) sets in rooted labeled trees with n vertices and let a n , b n , and c n denote the numbers of these that are of type A, type B, and type C, respectively. Let
and let the exponential generating functions a = a(x), b = b(x), and c = c(x) be defined similarly for the type A, type B, and type C maximal independent sets, respectively.
Theorem 5. The exponential generating functions y(x), a(x), b(x), and c(x) satisfy the relations
Proof. It is easy to check that a 1 = 1, b 1 = 0, and c 1 = 0. Since every maximal independent set of a rooted labeled tree T either does or does not contain the root of T , it follows clearly that
Suppose that S is a type A maximal independent set of a rooted labeled tree T . If T has k branches B 1 , · · · , B k , then each of
) is a type B or type C maximal independent set in the branches B 1 , · · · , B k , respectively. The exponential generating function for collections of k type B or type C maximal independent sets is
the term x in (x + b) is present to count the case that a branch has a single vertex. It follows, therefore, that
the first term x is present since a 1 = 1 and the factor x in the second term is present to recover the root of T . If S is a type B maximal independent set of T , then at least one of S i 's must be a type A maximal independent set and the others must be type B maximal independent sets in the branches. The exponential generating function for collections of k members of these sets is
It follows, therefore, that
the term 0 is present since b 1 = 0 and the factor x is again present to recover the root of T . Similarly, if S is a type C maximal independent set in T , then all of S i 's must be type B maximal independent sets in the branches. The exponential generating function for non-empty collections of k members of these sets is b k /k!. It follows, therefore, that
the term 0 is present since c 1 = 0 and the factor x is again present to recover the root of T .
Here and in what follows, we can find no way to derive explicit formulas for the number y n of independent dominating sets of various types of rooted trees. However, it is possible to derive recursive formulas for y n but they are quite messy.
The following is straightforward from relations (3.1) through (3.4) and Lemma 3.
Corollary 6. The number y n of independent dominating sets in rooted trees with n labeled vertices satisfies the following recurrence relations: For n ≥ 1, y n = a n + b n , where
with a 1 = 1, b 1 = 0, and c 1 = 0.
The entries in the following list were obtained using Corollary 6 and verified by examining the diagrams of the trees with up to six vertices given in [5; 7  147882  657188  8  3351992  14906432  9  87278760  389737818  10  2577703770  11529141500  11  84985001750  380857483952  12  3096079087332  13895470754640  13  123490438973772  554956118521142  14  5352557860340054  24080860049310092  15 250512328307110170 1128136962146717700 dominating sets of ordinary (or unrooted) labeled trees with n vertices, then it follows that y n = z n /n since a rooted labeled tree T and the unrooted labeled tree that is obtained by ignoring the name 'root' from T have the same number of independent dominating sets.
The entries in the following list were obtained using y n = z n /n and verified by examining the diagrams of the trees with up to six vertices given in [5; p. 2]. 
Recursive trees
A tree with n labeled vertices is a recursive tree if n = 1 or if n > 1 and the tree is obtained by joining the nth vertex to some vertex of a recursive tree with n − 1 labeled vertices. We regard these trees as being rooted at the vertex labeled. The branches of a recursive tree may themselves be regarded as recursive trees if we relabel the vertices in each branch in increasing order. The number of recursive trees with n vertices is (n − 1)! (see [4] ).
Let y n denote the number of maximal independent (or independent dominating) sets in recursive trees with n vertices and let a n , b n , and c n denote the numbers of these that are of type A, type B, and type C, respectively. Let y n = a n + b n ,
